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Suppose that the random variable X has the arcus sine distribution on the line 
segment (- 1, 0), (1,0) of the Euclidean plane R2 and that (p, q) is a fixed point 
in this plane. Let D be the distance between (X, 0) and (p, q). Then the expected 
values of D and l/D can be expressed by three complete elliptic integrals in the 
Legendre form E(k), K(k), and I7(rz, k), where k and n are suitable numbers 
dependent on (p, 9). 0 1992 Academic Press, Inc. 
The complete elliptic integrals of the first, second, and third kind in the 
Legendre forms are denoted by F(k), E(k), Z7(n, k) respectively, and 
defined by 
where the numbers k, 0 <k < 1, and n are the modulus and the parameter, 
respectively. See, for instance, [l], [Z], [3], [4]. 
Problem. On the unit circle x2 + y2 = 1 of the Euclidean plaine R2 a 
point T is randomly chosen. Suppose that the polar angle @ of T has the 
uniform probability density function on ( -TC, z]. Let T’(X, 0) be the 
orthogonal projection of T on x-axis. It is well known that X is a random 
variable with the probability density function 
for -l<x<l 
elsewhere. 
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Let (p, q) be a given point in R* and let D be the distance from (X, 0) 
to (p, q): D = Jm. The probability density function for D is 
very complicated, but the expected values E(D) and E(l/D) can be 
expressed in a closed form. Introducing the nonnegative function f(u) by 
the relation f’(u) = (U - p)* + q* we get 
and 
In the sequel we need two distances: 
d, =.f(l)=Jm and d- =f(-l)=Jm, 
It is clear that we can suppose p 3 0 and q 2 0. 
THEOREM. For p 2 0 and q 2 0 the expected values E(D) and E( l/D) are 
given by 
arcsin p + Jm) 
E(D) = 
for O<p< 1, q=O 
i d- (E(k) - K(k) + (n + 1) ZZ(n, k)) otherwise 
cc 
E(l/D)= 
for 06 pd 1, q=O 
~ J&. K(k) otherwise, 
where 
k&-(d+ -d-l’ (d, -d-)’ 
4d+ d- ’ n= 4d, d_ ’ 
Proof. Case (a). For p > 1 and q = 0 we get the result by an elemen- 
tary integration. 
Case (b). For 0 < p 6 1 and q = 0 we see that the integral for E( l/D) 
diverges, the other integral can be expressed by elementary functions. 
Case (c). For p = 0 and q > 0 we use in both integrals the substitution 
l4=JC-2. 
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Case (d). For p > 0 and q > 0 the integrals (1) and (2) are now 
transformed step by step to the sum of complete elliptic integrals of all 
kinds. By the bilinear substitution u = (Au + ,u)/( u + 1) we can eliminate the 
coefficients by the powers u3 and u in the integral (1). We obtain 
du=(i-p)(u+ 1)-Z& 
1-U*=((1-P)u~+2(1-~/L)u+(1-~*))(0+1)~* (3) 
f*(U) = (f’(A) u2 + 2(Ap - pl- p/l + p2 + q2) u +f2(p))(u + l)-*. 
We require that @= 1 and ll,~- p(lz +p) + p*+ q* =O. By the Vi&e 
rule the coefficients I, p are the roots of the quadratic equation 
pr* - (p* + q2) r + p = 0. For the convenience we introduce the elliptical 
coordinates (T and z of the point (p, q) by the relations 
p = cash u cos r, q = sinh Q sin T. (4) 
The integral (1) is calculated for each positive pair (p, q). In this 
situation we choose cr > 0 and 0 < r < 7c/2. The roots rl, rz of the above 
quadratic equation can be expressed in the form 
r, = cash a/cos t, r2 = cos z/cash o. 
It is clear that r,>l and O<r,<l. We put A=rl, p=r2, since our 
bilinear substitution maps bijectively the interval (-p, p) onto ( - 1, 1). 
From (1) we obtain 
E(D)=;(cosh*~-cos*r$ ‘tmdv- (5) -1 (u+ l)* 
We write the function (u + 1)-2 as the sum of its even and odd part by the 
identity 
(u+ I-*=(2?+ l)(u2- 1)-*-2u(v*- l)-2. 
By the integration over ( -,u, p) the odd part vanishes and we have 
2 
E(D)=;(cosh*,-cos’r) 
and by the substitution u = p ,/m we are very near to the normal form, 
2 ,/(cosh* B - cos* z)’ ’ 
E(D)=; I 
1+ A* -z= 
cos* T 0 (l-A*-z*)* (6) 
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where the modulus k is given by the relation 
k2= sin’ 5 
cash’ 0 -co? z’ 
The identity cash’ CT - cos2 T = sinh* cr + sin’ r implies that 0 < k < 1. We 
try to find the adequate indefinite integral in (6) by the relation 
s 1 + %2 - z2 (1 -ESz*)* 
=Aj 
dz 
J(1 -z’)(l -k2z2) 
+,/zdz 
+cs 
dz 
(1 -A’-z*)J(l -z*)(l-k2z2) 
. 
+D z 1-AZ m-2 ,/Cl -z’)(l -k2z2). 
By the differentiation and by the method of undetermined coefficients we 
get 
1 A= -B=D=- %2 
1 -L2’ 
Cc-.---- 
1 -L2’ 
By the Newton formula we obtain the following result, 
E(D)=i(cosh’ecos*r)(E(k)-K(k)+(n+l)ll(n,k)), (81 
where the parameter n of the elliptic integral of the third kind is given by 
the formula 
cos* T 
n= 
cash’ 0 - cos’ t (9) 
Another form of (7), (8), and (9) can be expressed by the distances d, 
and d- defined at the beginning. By (4) we obtain 
d, =j-(l)=cosha-COST, dp =f(-l)=cosho+cosr. 
The modulus k and the parameter n are now given by the relations 
,,=4++ -d-l* (d, -d-)2 
4d,d ’ n= 4d,d ’ 
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The closed form for the expected value E(D) is finally 
Similarly, we obtain 
E(l/D) = 
&zK(k). 
The proof is tinished. 1 
The integral in (1) seems to be absent in the books referred here and the 
consequence of this event is in the present paper. 
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